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1. We deal with a system of plane sound waves (long waves) moving in
the direction x-negative (Fig, 1) and falling on a stationary toroid (of
section radius a, the toroid radius being l) whose axis of symmetry co-
incides with the z-axis of the Oxyz-coordinate system.

The velocity potential of sound waves in a simple harmonic system
with time multiplier ¢*°% is defined by the equation
AD+ D =0 <k=%) (1.1)

with boundary conditions at the toroid
surface % in the form

D /on = 0 (1.2)

where ¢ is the velocity of sound and n
is the internal normal to the toroidal
surface.

It is required to find a solution
to Equation (1.1) in the following form:

o — eikx +(P (1_3)

Fig. 1:

where the first term represents the

velocity potential of waves approaching

along the direction of Ox-negative from infinity, and the second term
represents a function of the disturbance caused by waves reflected from
the surface of the toroid.

Function ¢ satisfies Equation (1.1).
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Let us establish the boundary conditions for function ¢. To do this
we have to introduce a new coordinate system r”; 0, ¢ as shown in Fig.2
and which is related to the rectangular xyz-system by the following ex-
pressions:

z = r' sinf, y = (L + r’ cos 8) cos, z=(l + 7 cosB)siny (1.4)

The equations of the torold surface in this system are
z = asin§, y = (I + acosh) cosy, z= (I + acosf)siny (1.5)

As the wavelength A is large compared with the toroid section radius
a (i.e. k is small) it is possible to expand e‘k’ close to the toroid
surface in a Taylor series. We then have

k?r'?sin% g

eikx:1+kirlsine_ 2_ _l_ (16)
On the toroid surface () we have

Ip/dn = — o@/or for ¢ =a (1.7

On a basis of (1.1), (1.2), (1.6) and (1.7) func-
tion ¢ satisfies the boundary condition
o_ _ 98
Fig. 2. an or’

(__ e”"“') = —[— ki sin 0— k%' sin?8 + .. .]r,:[l
= +kisinf — k%asin20 + ... (1.8)
If we take account of boundary condition (1.8), the solution of (1.4)

can be expressed as a surface integral, i.e. the velocity potential of
the reflected waves at point P can be determined by the formula [ 1 ]

1 e ike e~ ike o
w(P)ZESg[(pm_ — E]ds (1.9)
P

In this expression p is the distance between the fixed point P lying
outside 3 and any arbitrary point on the toroid surface 3.

As the function ¢ on the toroid surface is unknown, it is not yet
possible to determine ¢(P) from Expression (1.9). In the following two
sections we will therefore discuss the determination of function ¢ on
the toroid surface 2.

2. Assume that on the toroid surface and in its immediate vicinity
the function can be expanded in the series
@ = Qo+ kg1 + Apa+ ..o (2.1)

where ¢;, ¢,, ¢, are as yet unknown. Substitute this expansion in (1.4)
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(it can be done on the basis of (1.8)) and, on equating coefficients of
terms in similar powers on both sides of the identities, we arrive at the
differential equations

Ago = 0, Apy = 0, Aps + g0 = 0 etc. (2.2)

It follows from (1.8) and (2.1) that on the toroid surface the func-
tions ¢,, &,, by, ... will satisfy, respectively, the following boundary
conditions;

D

I _ o, %(%1=isin6, S — —asin? @ (2.3)
In order to determine the solution to (1.1) for long sound waves to

an accuracy of 0(53) it is necessary, in order to determine ¢ on the

toroid surface, to solve the three first differential equations of system

(2.2) with the corresponding boundary conditiens at =. Then function ¢

will take the form

¢ = Qo + koy + k22 + O (k) (2.4)

3. It is well known that in the curvilinear orthogonal coordinate
system x;, x,, x; the operator A¢ is determined by the formula

1 (0 ( hohs 0p 9 [ hihy 09 d [ hh 8¢
Aq’:hlhzhs{axl( Ry E)*E(hg E)—i_é:v_s(ha a_xs>} @.1)

Here hl, h2' h3 are metric or Lamé coefficlents. The orthogonal co-
efficients x; = r", 2, = 0, z; =  are connected with the rectangular co-
ordinates of Equations (1.4).

The metric coefficients are, respectively

h1=1, h2=r', h3=l+r'0050

Thus Formula (3,1) takes the following form:
(3.2)

lo 1 d%¢ 1 o lL+2r'cosh O sin 99

£9=Zm T g (l+r'cos9)2W+r'(z+r'cose)ar' " (I+r cos0)ap

Owing to the symmetry of the toroid about the Ox-axis, the functions
¢y and ¢, will be independent of . Thus the first of the two Laplace
equations from (2.2) becomes

gy 1 g l+2r'cos§ 9y sin § 990 _ 33
or't r'z 3p2 r'(l4+r'cos@) ar' r' (ld+r'cosh)ap (3-9)
o 1 e 1+2rcos § o smb__ ;g (3.4)
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Equation (3.3) with boundary condition d¢,/dn = 0 has the unique
solution

Qo = const = ¢ (3.5)

We will look for a solution to Equation (3.4) with boundary condition
dé,/dn = i sin 0 in the form ¢; = — ir” sin 0. '

It can be found by direct verification that function qSl satisfies
Equation (3.4) and the condition 8¢v1/6n = { sin @ on the toroid surface
3. As r = a on the toroid surface we have

@1 = — iasinf (3.6)

Because of (3.2) and (3.5) and the symmetry of the toroid, the equa-
tion for ¢2 from (2.2) takes on the following form:

02 @y 1 ¢ I+ 2r'cos Op sin § L] te—0 3.7)

a7 T r7gge T (I +rcosf) ar' r (I+r'cosB) a0

with boundary condition
0¢2/0n = —asin? B (3.8

We look for a solution to Equation (3.7) for the case when ¢ = — 1.
It is possible to show by direct verification that the function qbz =
+ 1/2 r'? sin? 9 satisfies Equation (3.7) and the condition (3.8). We
have on the surface of the toroid

@2 = + %az sin? § (3.9)

Because of (2.4), (3.5), (3.6) and (3.9) function ¢ on X has the
following value:
a®sin® ¢

— _(1 + kia sin § — &2 —2*> L0k (3.10)

4. Assuming that ¢ and d¢p/dn on X are in accordance with (3.10) and
(1.8), we obtain from (1.9)

_ 1 : o kea®sin? g \ 8 e~ P
@ (P) = lmgzg[(\ia}—l‘m sin § — 5 )3—71 o T
—ikep
+ (ki sin § — A2 asin? §) }dc—}—O(k“) (4.1

From Formula (4.1) it is possible to determine the velocity potential
of the reflected waves for any point P(x, y, z), lying outside the
toroid.

We will now find an approximate value of integral (4.1) for the case
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where distances p are large as compared with the dimensions of the toroid,

Let OM= R, MR=p, OP = Ry, £ YOC = ¢y and DCH = 0, where ¥ is an
arbitrary variable point lying on the toroid surface with coordinates
(1.5) (Fig. 3).

Let us write down the following
approximation

ke o _ 9 _ 0]t
T nET Yy T e

where R = OP = v/(xz + y2 + z2). the
distance of point P from the origin.

From (4.2) we have
(4.3)

g e 2 3 8\ e R
o =—(.lla—]-:+ "115?/4‘ ﬂ15>~——R0 4.

Here ll' »,, n; are the direction
cosines of the external normal. We have

(4.4)

Iy =—sin B, m; ==—cos 8 cos, ny = — cos 0 siny

The elementary area do on the toroid surface is equal to

do = a (I + a cos 0) dfdy (4.5)

On a basis of (4.2) to (4.5) therefore, Formula (4.1) takes on the
form

2n 27
1 . k2asin® @, /. d a
Py —_ L 1 + kiasing — — 239y (i 9.0 4 cos
g (P) 4n§ §[( - kia sinf 3 /)(sm 05 —{—coeq:ay +
ikR,

a [Z]
-+ cosOsimpgz)eTo—(lfisin0—k2a51n20)<1—sin65——

3 AN ,
— cos Bcosy gy — ©os 8 siny &) T]a (! + acos ) dfdyp + O (k%) (4.6)

or
kQi 3 R g kR ,
QP)=— 57— TR " in R, T 0 (K% (4.7)

where Q = 272421 is the toroid volume.

It follows from Formula (4.7) that the reflected waves can be regarded
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as arising from the combined action of a simple source and a dipole
situated at the origin of the Oxyz-coordinate systenm.

Having now found ¢ for any given point P lying some distance from the
torold, it is possible to write down a full expression for the velocity
potential ® taking into account the time multiplier and sound intensity
Jo in the form

kQ 8 pi(al—kRy— =) k20 plsl—k R—)
0Imar Ry loum TR, HQEY (4.8)

D = T, ei(ﬁ‘x+dl) R 7

Evaluating the real part, we have

kQ 8 cos(st — kRy —m)

M =J, cos (ke +st)+ Jp % 57 Ry +
K2Q cos (ot — kRy — m)
+ Jo; R O (4.9)

(Ro=Va? 4 4% + 2%)

It is evident from Formula (4.9) that the velocity potential of the
sound wave at any point located at a large distance from the toroid
equals the sum of three velocity potentials. The first of these is the
velocity potential of a plane sound wave originating at infinity and
travelling at constant velocity o7k in the negative Ox-direction. The
second one is from the dipole at the origin and the third is from a point
source also situated at the origin.

Thus the problem posed in Section 1 is solved by Formula (4.9).
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